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/RJLF
2XU�DELOLW\�WR�VWDWH�LQYDULDQWV��UHFRUG�SUHFRQGLWLRQV�DQG�SRVW�
FRQGLWLRQV��DQG�WKH�DELOLW\�WR�UHDVRQ�DERXW�D�IRUPDO�PRGHO
GHSHQG�RQ�WKH�ORJLF�RQ�ZKLFK�WKH��PRGHOOLQJ�ODQJXDJH�LV�EDVHG�

��&ODVVLFDO�ORJLFDO�SURSRVLWLRQV�DQG�SUHGLFDWHV

��&RQQHFWLYHV

��4XDQWLILHUV

��+DQGOLQJ�XQGHILQHGQHVV��WKH�ORJLF�RI�SDUWLDO�IXQFWLRQV
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7KH�WHPSHUDWXUH�PRQLWRU�H[DPSOH
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7HPSHUDWXUH��&�

7LPH��V�

7KH�PRQLWRU�UHFRUGV�WKH�ODVW
ILYH�WHPSHUDWXUH�UHDGLQJV 25 105510
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7KH�WHPSHUDWXUH�PRQLWRU�H[DPSOH

7KH�IROORZLQJ�FRQGLWLRQV�DUH�WR�EH�GHWHFWHG�E\�WKH�PRQLWRU�

5LVLQJ��WKH�ODVW�UHDGLQJ�LQ�WKH�VDPSOH�LV�JUHDWHU�WKDQ�WKH�ILUVW

2YHU�OLPLW��WKHUH�LV�D�UHDGLQJ�LQ�WKH�VDPSOH�LQ�H[FHVV�RI�����&

&RQWLQXDOO\�RYHU�OLPLW��DOO�WKH�UHDGLQJV�LQ�WKH�VDPSOH�H[FHHG�����&

6DIH��,I�UHDGLQJV�GR�QRW�H[FHHG�����&�E\�WKH�PLGGOH�RI�WKH�VDPSOH�
WKH�UHDFWRU�LV�VDIH��,I�UHDGLQJV�H[FHHG�����&�E\�WKH�PLGGOH�RI�WKH
VDPSOH��WKH�UHDFWRU�LV�VWLOO�VDIH�SURYLGHG�WKDW�WKH�UHDGLQJ�DW�WKH�HQG�RI
WKH�VDPSOH�LV�OHVV�WKDQ�����&�

$ODUP��7KH�DODUP�LV�WR�EH�UDLVHG�LI�DQG�RQO\�LI�WKH�UHDFWRU�LV�QRW�VDIH

)RUPDO�0RGHO�RI�WKH�PRQLWRU�
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3UHGLFDWHV � �3URSRVLWLRQV

3UHGLFDWHV�DUH�VLPSO\�ORJLFDO�H[SUHVVLRQV��7KH�VLPSOHVW�NLQG�RI
ORJLFDO�SUHGLFDWH�LV�D�SURSRVLWLRQ�

$�SURSRVLWLRQ�LV�D�ORJLFDO�DVVHUWLRQ�DERXW�D�SDUWLFXODU�YDOXH�RU
YDOXHV��XVXDOO\�LQYROYLQJ�D�%RROHDQ�RSHUDWRU�WR�FRPSDUH�WKH
YDOXHV��H�J�

3 < 27 5 = 9

3URSRVLWLRQV�DUH�QRUPDOO\�HLWKHU�WUXH�RU�IDOVH��EXW�LQ�9'0�ZH
DOVR�KDYH�WR�KDQGOH�XQGHILQHG�YDOXHV���VHH�WKH�ODWHU�QRWHV�RQ
WKH�/RJLF�RI�3DUWLDO�)XQFWLRQV��

3URSRVLWLRQV�KDYH�YHU\�OLPLWHG�YDOXH�
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3UHGLFDWHV �*HQHUDO�SUHGLFDWHV

$�SUHGLFDWH�LV�D�ORJLFDO�H[SUHVVLRQ�WKDW�LV�QRW�VSHFLILF�WR
SDUWLFXODU�YDOXHV�EXW�FRQWDLQV�YDULDEOHV�ZKLFK�FDQ�VWDQG�IRU�RQH
RI�D�UDQJH�RI�SRVVLEOH�YDOXHV��H�J�

x < 27

(x**2) + x - 6 = 0

7KH�WUXWK�RU�IDOVHKRRG�RI�D�SUHGLFDWH�GHSHQGV�RQ�WKH�YDOXH
WDNHQ�E\�WKH�YDULDEOHV�



6

3UHGLFDWHV ����������3UHGLFDWHV�LQ�WKH�PRQLWRU�H[DPSOH

Monitor :: temps : seq of int

           alarm : bool

inv m == len m.temps = 5

&RQVLGHU�D�PRQLWRU�m� m LV�D�VHTXHQFH�VR�ZH�FDQ�LQGH[�LQWR�LW�

)LUVW�UHDGLQJ�LQ m�

/DVW�UHDGLQJ�LQ m�

3UHGLFDWH�VWDWLQJ�WKDW�WKH�ILUVW�UHDGLQJ�LQ�P�LV�VWULFWO\�OHVV
WKDQ�WKH�ODVW�UHDGLQJ�

7KH�WUXWK�RI�WKH�SUHGLFDWH�GHSHQGV�RQ�WKH�YDOXH�RI m.
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3UHGLFDWHV ���������� ��������7KH�ULVLQJ�FRQGLWLRQ

7KH�ODVW�UHDGLQJ�LQ�WKH�VDPSOH�LV�JUHDWHU�WKDQ�WKH�ILUVW

Monitor :: temps : seq of int

           alarm : bool

inv m == len m.temps = 5

:H�FDQ�H[SUHVV�WKH�ULVLQJ�FRQGLWLRQ�DV�D�%RROHDQ�IXQFWLRQ�

Rising: Monitor -> bool

Rising(m) == m.temps(1) < m.temps(5)

)RU�DQ\�PRQLWRU�m��WKH�H[SUHVVLRQ�Rising(m)�HYDOXDWHV�WR�WUXH�LII�WKH
ODVW�UHDGLQJ�LQ�WKH�VDPSOH�LQ�P�LV�KLJKHU�WKDQ�WKH�ILUVW��H�J�

Rising( mk_Monitor([233,45,677,650,900], false) )
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%DVLF�ORJLFDO�RSHUDWRUV

:H�EXLOG�PRUH�FRPSOH[�ORJLFDO�H[SUHVVLRQV�RXW�RI�VLPSOH�RQHV
XVLQJ�ORJLFDO�FRQQHFWLYHV�

not QHJDWLRQ

and FRQMXQFWLRQ

or GLVMXQFWLRQ

=> LPSOLFDWLRQ��LI�«�WKHQ�«�

<=> ELLPSOLFDWLRQ��LI�DQG�RQO\�LI�
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%DVLF�ORJLFDO�RSHUDWRUV �����1HJDWLRQ

1HJDWLRQ�DOORZV�XV�WR�VWDWH�WKDW�WKH�RSSRVLWH�RI�VRPH�ORJLFDO
H[SUHVVLRQ�LV�WUXH��H�J�

7KH�WHPSHUDWXUH�LQ�WKH�PRQLWRU�mon�LV�QRW�ULVLQJ�

not Rising(mon)

A

true

false

not A

false

true

7UXWK�WDEOH�IRU�QHJDWLRQ�
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%DVLF�ORJLFDO�RSHUDWRUV ��'LVMXQFWLRQ

'LVMXQFWLRQ�DOORZV�XV�WR�H[SUHVV�DOWHUQDWLYHV�WKDW�DUH�QRW
QHFHVVDULO\�H[FOXVLYH�

2YHU�OLPLW��7KHUH�LV�D�UHDGLQJ�LQ�WKH�VDPSOH�LQ�H[FHVV�RI�����&

OverLimit: Monitor -> bool

OverLimit(m) ==

A

true

true

false

false

B

true

false

true

false

A or B

true

true

true

false
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%DVLF�ORJLFDO�RSHUDWRUV ���������&RQMXQFWLRQ

&RQMXQFWLRQ�DOORZV�XV�WR�H[SUHVV�WKH�IDFW�WKDW�DOO�RI�D�FROOHFWLRQ
RI�IDFWV�DUH�WUXH�

&RQWLQXDOO\�RYHU�OLPLW��DOO�WKH�UHDGLQJV�LQ�WKH�VDPSOH�H[FHHG�����&

COverLimit: Monitor -> bool

COverLimit(m) == m.temps(1) > 400 and

                 m.temps(2) > 400 and

                 m.temps(3) > 400 and

                 m.temps(4) > 400 and

                 m.temps(5) > 400

A

true

true

false

false

B

true

false

true

false

A and B

true

false

false

false
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%DVLF�ORJLFDO�RSHUDWRUV ���������,PSOLFDWLRQ

,PSOLFDWLRQ�DOORZV�XV�WR�H[SUHVV�IDFWV�ZKLFK�DUH�RQO\�WUXH�XQGHU�FHUWDLQ
FRQGLWLRQV��³LI�«�WKHQ�«´��

6DIH��,I�UHDGLQJV�GR�QRW�H[FHHG�����&�E\�WKH�PLGGOH�RI�WKH�VDPSOH��WKH
UHDFWRU�LV�VDIH��,I�UHDGLQJV�H[FHHG�����&�E\�WKH�PLGGOH�RI�WKH�VDPSOH�
WKH�UHDFWRU�LV�VWLOO�VDIH�SURYLGHG�WKDW�WKH�UHDGLQJ�DW�WKH�HQG�RI�WKH
VDPSOH�LV�OHVV�WKDQ�����&�

Safe: Monitor -> bool

Safe(m) ==

A

true

true

false

false

B

true

false

true

false

A => B

true

false

true

true
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%DVLF�ORJLFDO�RSHUDWRUV ��������%LLPSOLFDWLRQ

%LLPSOLFDWLRQ�DOORZV�XV�WR�H[SUHVV�HTXLYDOHQFH��³LI�DQG�RQO\�LI´��

$ODUP��7KH�DODUP�LV�WR�EH�UDLVHG�LI�DQG�RQO\�LI�WKH�UHDFWRU�LV�QRW
VDIH

7KLV�FDQ�EH�UHFRUGHG�DV�DQ�LQYDULDQW�SURSHUW\�

Monitor :: temps : seq of int

           alarm : bool

inv m == len m.temps = 5 and

A

true

true

false

false

B

true

false

true

false

A <=> B

true

false

false

true
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4XDQWLILHUV

)RU�ODUJH�FROOHFWLRQV�RI�YDOXHV��XVLQJ�D�YDULDEOH�PDNHV�PRUH�VHQVH�WKDQ
GHDOLQJ�ZLWK�HDFK�FDVH�VHSDUDWHO\�

inds m.temps UHSUHVHQWV�LQGLFHV�������RI�WKH�VDPSOH

7KH�³RYHU�OLPLW´�FRQGLWLRQ�FDQ�WKHQ�EH�H[SUHVVHG�PRUH�HFRQRPLFDOO\�DV�

exists i in set inds m.temps & temps(i) > 400

7KH�³FRQWLQXDOO\�RYHU�OLPLW´�FRQGLWLRQ�FDQ�WKHQ�EH�H[SUHVVHG
XVLQJ�³forall´�
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4XDQWLILHUV

6\QWD[�

forall   ELQGLQJ  &   SUHGLFDWH

exists   ELQGLQJ  &   SUHGLFDWH

7KHUH�DUH�WZR�W\SHV�RI�ELQGLQJ�

7\SH�%LQGLQJ��H�J�

x:nat

n: seq of char

6HW�%LQGLQJ��H�J�

i in set inds m

x in set {1,…,20}

$�W\SH�ELQGLQJ�OHWV�WKH
ERXQG�YDULDEOH�UDQJH
RYHU�D�W\SH��D�SRVVLEO\
LQILQLWH�FROOHFWLRQ�RI
YDOXHV��

$�VHW�ELQGLQJ�OHWV�WKH
ERXQG�YDULDEOH�UDQJH
RYHU�D�ILQLWH�VHW�RI
YDOXHV�
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4XDQWLILHUV

6HYHUDO�YDULDEOHV�PD\�EH�ERXQG�DW�RQFH�E\�D�VLQJOH�TXDQWLILHU�
H�J�

forall x,y in set {1,…,5} &

not m.temp(x) = m.temp(y)

:RXOG�WKLV�SUHGLFDWH�EH�WUXH�IRU�WKH�IROORZLQJ�YDOXH�RI  m.temp "

[320, 220, 105, 119, 150]
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4XDQWLILHUV �� ([HUFLVHV

$OO�WKH�UHDGLQJV�LQ�WKH�VDPSOH�DUH�OHVV�WKDQ�����DQG�JUHDWHU�WKDQ����

(DFK�UHDGLQJ�LQ�WKH�VDPSOH�LV�XS�WR����JUHDWHU�WKDQ�LWV�SUHGHFHVVRU�

7KHUH�DUH�WZR�GLVWLQFW�UHDGLQJV�LQ�WKH�VDPSOH�ZKLFK�DUH�RYHU�����
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4XDQWLILHUV ��

6XSSRVH�ZH�KDYH�WR�IRUPDOLVH�WKH�IROORZLQJ�SURSHUW\�

7KHUH�LV�D�³VLQJOH�PLQLPXP´�LQ�WKH�VHTXHQFH�RI�UHDGLQJV��L�H�
WKHUH�LV�D�UHDGLQJ�ZKLFK�LV�VWULFWO\�VPDOOHU�WKDQ�DQ\�RI�WKH
RWKHU�UHDGLQJV�

6XSSRVH�WKH�RUGHU�RI�WKH�TXDQWLILHUV�LV�UHYHUVHG�
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6XPPDU\

��3URSRVLWLRQV

��3UHGLFDWHV�LQYROYH�IUHH�YDULDEOHV

��3UHGLFDWHV�PD\�EH�FRPELQHG�XVLQJ�FRQQHFWLYHV

��)UHH�YDULDEOHV�FDQ�UDQJH�RYHU�FROOHFWLRQV�RI�YDOXHV��XVLQJ
TXDQWLILHUV

��4XDQWLILHUV�FDQ�EH�PL[HG
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/3)��FRSLQJ�ZLWK�XQGHILQHGQHVV

6XSSRVH�VHQVRUV�FDQ�IDLO�LQ�VXFK�D�ZD\�WKDW�WKH\�JHQHUDWH�WKH�YDOXH
(UURU�LQVWHDG�RI�D�YDOLG�WHPSHUDWXUH�

,Q�WKLV�FDVH�ZH�FDQ�QRW�PDNH�FRPSDULVRQV�OLNH

Error < 400

7KH�ORJLF�LQ�9'0�LV�HTXLSSHG�ZLWK�IDFLOLWLHV�IRU�KDQGOLQJ�XQGHILQHG
DSSOLFDWLRQV�RI�RSHUDWRUV��H�J��LI�GLYLVLRQ�E\�]HUR�FRXOG�RFFXU��

7UXWK�WDEOHV�DUH�H[WHQGHG�WR�GHDO�ZLWK�WKH�SRVVLELOLW\�WKDW�XQGHILQHG
YDOXHV�FDQ�RFFXU��H�J�

A

true

false

*

not A

false

true

*

* UHSUHVHQWV�WKH
XQGHILQHG�YDOXH
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'LVMXQFWLRQ�LQ�/3)

A

true

true

true

false

false

false

*

*

*

B

true

false

*

true

false

*

true

false

*

A or B

true

true

true

true

false

*

true

*

*

,I�RQH�GLVMXQFW�LV�WUXH��ZH�NQRZ
WKDW�WKH�ZKROH�GLVMXQFWLRQ�LV
WUXH��UHJDUGOHVV�RI�ZKHWKHU�WKH
RWKHU�GLVMXQFW�LV�WUXH��IDOVH�RU
XQGHILQHG�



22

&RQMXQFWLRQ�LQ�/3)

A

true

true

true

false

false

false

*

*

*

B

true

false

*

true

false

*

true

false

*

A and B

true

false

*

false

false

false

*

false

*

,I�RQH�FRQMXQFW�LV�IDOVH��ZH�NQRZ
WKDW�WKH�ZKROH�FRQMXQFWLRQ�LV
IDOVH��UHJDUGOHVV�RI�ZKHWKHU�WKH
RWKHU�GLVMXQFW�LV�WUXH��IDOVH�RU
XQGHILQHG�
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,PSOLFDWLRQ�DQG�%LLPSOLFDWLRQ�LQ�/3)

A

true

true

true

false

false

false

*

*

*

B

true

false

*

true

false

*

true

false

*

A => B

true

false

*

true

true

true

true

*

*

A

true

true

true

false

false

false

*

*

*

B

true

false

*

true

false

*

true

false

*

A <=> B

true

false

*

false

true

*

*

*

*


