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Modelling using Mappings

��0DSSLQJV�
��7KH�ILQLWH�PDSSLQJ�W\SH�FRQVWUXFWRU
��9DOXH�GHILQLWLRQV��HQXPHUDWLRQ��FRPSUHKHQVLRQ
��2SHUDWRUV�RQ�PDSSLQJV

�&DVH�6WXG\��WKH�WUDFNLQJ�PDQDJHU
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7KH�ILQLWH�PDSSLQJ�W\SH�FRQVWUXFWRU

$�PDSSLQJ�LV�D�IXQFWLRQDO�UHODWLRQVKLS�EHWZHHQ�WZR�VHWV�RI�YDOXHV��D�GRPDLQ
DQG�D�UDQJH��0DSSLQJV�DUH�FRPPRQ�LQ�PDQ\�PRGHOV��H�J�

³(DFK�EDQN�DFFRXQW�KDV�H[DFWO\�RQH�EDODQFH´

³(DFK�UHDFWRU�KDV�DQ�LQSXW��DQ�RXWSXW�DQG�DQ�RSHUDWLQJ�WHPSHUDWXUH�´

0DSSLQJV�UHSUHVHQW�RQH�WR�RQH�RU�PDQ\�WR�RQH�UHODWLRQVKLSV��EXW
QRW�RQH�WR�PDQ\�
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7KH�ILQLWH�PDSSLQJ�W\SH�FRQVWUXFWRU

7KH�PDSSLQJ�W\SH�FRQVWUXFWRU�LV� map X to Y

ZKHUH�X�DQG�Y�DUH�GDWD�W\SHV

H�J��³HDFK�EDQN�DFFRXQW�KDV�H[DFWO\�RQH�EDQN�EDODQFH´�

AccountNumber = seq of char

Balance = int

Accounts = map AccountNumber to Balance

³)LW]����´

³%ODLU����´

³*DWHV��´

����

�����

$Q�H[DPSOH
PDSSLQJ�
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9DOXH�GHILQLWLRQV��HQXPHUDWLRQ��FRPSUHKHQVLRQ

7R�HQXPHUDWH�D�PDSSLQJ��ZH�SUHVHQW�WKH�UHODWHG�GRPDLQ�HOHPHQW�UDQJH
HOHPHQW�SDLUV��FDOOHG�PDSOHWV���)RU�WKH�PDSSLQJ�LOOXVWUDWHG�DERYH��WKH
HQXPHUDWLRQ�ZRXOG�EH�

$�PDSOHW�UHODWLQJ�GRPDLQ�HOHPHQW�x�WR�UDQJH�HOHPHQW�y�LV�ZULWWHQ

x |-> y

³)LW]����´

³%ODLU����´

³*DWHV��´

����

�����
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9DOXH�GHILQLWLRQV��HQXPHUDWLRQ��FRPSUHKHQVLRQ

(QXPHUDWH�WKH�PDSSLQJ�WKDW�UHODWHV�QDWXUDO�QXPEHUV�OHVV�WKDQ���WR�WKHLU
IDFWRULDOV�

:H�FRXOG�H[SUHVV�WKH�VDPH�PDSSLQJ�DV�D�FRPSUHKHQVLRQ��XVH�WKH�DX[LOLDU\
IXQFWLRQ�Fac�WR�FDOFXODWH�WKH�IDFWRULDO��

([HUFLVH��GHILQH�WKH�IXQFWLRQ�Fac.
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9DOXH�GHILQLWLRQV��HQXPHUDWLRQ��FRPSUHKHQVLRQ

$�PDSSLQJ�FRPSUHKHQVLRQ�KDV�WKH�IROORZLQJ�IRUP�

{ H[SUHVVLRQ�|-> H[SUHVVLRQ | ELQGLQJ & SUHGLFDWH }

7KH�PDSSLQJ�FRQVLVWLQJ�RI�WKH�PDSOHWV�IRUPHG�E\�HYDOXDWLQJ�WKH
H[SUHVVLRQV�XQGHU�HDFK�DVVLJQPHQW�RI�YDOXHV�WR�ERXQG�YDULDEOHV
VDWLVI\LQJ�WKH�SUHGLFDWH�

&RQVLGHU�DOO�WKH�YDOXHV�WKDW�FDQ�EH�WDNHQ�E\�WKH�YDULDEOHV�LQ�WKH�ELQGLQJ�

5HVWULFW�WKLV�WR�MXVW�WKRVH�FRPELQDWLRQV�RI�YDOXHV�ZKLFK�VDWLVI\�WKH
SUHGLFDWH�

(YDOXDWH�WKH�H[SUHVVLRQV�IRU�HDFK�FRPELQDWLRQ��7KLV�JLYHV�\RX�WKH�PDSOHWV
LQ�WKH�PDSSLQJ�

H�J�� { x |-> x/2 | x:nat & x < 5 }
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9DOXH�GHILQLWLRQV��HQXPHUDWLRQ��FRPSUHKHQVLRQ

/LNH�VHWV�DQG�VHTXHQFHV��PDSSLQJV�DUH�ILQLWH��$UH�WKH�IROORZLQJ�PDSSLQJV
GHILQHG"

{ x |-> x**2 | x:nat1 & x**2 > 3 }

{ x |-> y | x,y:nat1 & x<4 and y<3 }

{ x |-> x**2 | x:int & x < 10 }
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2SHUDWRUV�RQ�PDSSLQJV

dom: map A to B  ->  set of A

'RPDLQ
rng: map A to B  ->  set of A

5DQJH
(YDOXDWH�WKH�IROORZLQJ�

dom { n |-> 3*n | n:nat & n<50 }

rng { n |-> 3*n | n:nat & n<50 }
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2SHUDWRUV�RQ�PDSSLQJV

_(_) : map A to B * A  ->  B

0DSSLQJ�/RRNXS

)RU�D�PDSSLQJ�m�DQG�D�GRPDLQ�HOHPHQW�a��WKH�H[SUHVVLRQ

m(a)

GHQRWHV�WKH�UDQJH�HOHPHQW�SRLQWHG�WR�E\�a�

,V�WKLV�D�WRWDO�RU�D�SDUWLDO�RSHUDWRU"
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2SHUDWRUV�RQ�PDSSLQJV

([DPSOH�RI�PDSSLQJ�ORRNXS�

Accounts = map AccountNumber to Balance

'HILQH�D�IXQFWLRQ�ZLWK�WKH�IROORZLQJ�VLJQDWXUH�ZKLFK�UHWXUQV�WKH�QDPHV�RI
RYHUGUDZQ�DFFRXQW�KROGHUV�

overdrawn : Accounts -> set of AccountNumber
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2SHUDWRUV�RQ�PDSSLQJV

7KH�PDSSLQJ�PHUJH�RU�PDSSLQJ�XQLRQ�RSHUDWRU�MRLQV�WZR�PDSSLQJV�WRJHWKHU�

_ munion _ : (map A to B) * (map A to B) -> (map A to B)

([DPSOH�

{ “John” |-> -500, “Tony” |-> 20000 }

munion { “Cherie” |-> 150 }

= { “John” |-> -500, “Tony” |-> 20000, “Cherie” |-> 150 }

7KLV�RSHUDWRU�LV�SDUWLDO��&DQ�\RX�VHH�ZK\"
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2SHUDWRUV�RQ�PDSSLQJV

0DSSLQJ�XQLRQ�LV�RQO\�GHILQHG�RQ�LQSXWV�WKDW�DUH�FRPSDWLEOH��:H�FDQ�GHILQH
D�IXQFWLRQ�WR�FKHFN�IRU�PDSSLQJ�FRPSDWLELOLW\�

compatible: (map A to B) * (map A to B) -> bool

compatible(m1,m2) ==

forall x in set dom m1 inter dom m2 & m1(x) = m2(x)



13

2SHUDWRUV�RQ�PDSSLQJV

$Q�DOWHUQDWLYH�RSHUDWRU�LV�WKH�PDSSLQJ�RYHUULGH�RSHUDWRU�

_ ++ _ : (map A to B) * (map A to B) -> (map A to B)

7KLV�RSHUDWRU�LV�GHILQHG�MXVW�OLNH�munion��H[FHSW�WKDW�ZKHUH�m1�DQG�m2�DUH
QRW�FRPSDWLEOH��m2�ZLQV��H�J�

{ “John” |-> -500, “Tony” |-> 20000 }

++ { “Tony” |-> 300 , “Cherie” |-> 150 }

= { “John” |-> -500, “Tony” |-> 300 , “Cherie” |-> 150 }

$�YHU\�FRPPRQ�XVH�RI�WKLV�RSHUDWRU�LV�WR�XSGDWH�D�PDSSLQJ�DW�D�SRLQW��H�J�

m ++ {x |-> e}

XSGDWHV�WKH�PDSSLQJ�m�VR�WKDW�x�QRZ�SRLQWV�WR�e�
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2SHUDWRUV�RQ�PDSSLQJV

7KHUH�DUH�VRPH�RSHUDWRUV�WR�PRGLI\�PDSSLQJV�E\�UHVWULFWLQJ�WKH�GRPDLQ�RU
UDQJH�

_ <-: _ : (set of A) * (map A to B) -> (map A to B)

7KH�H[SUHVVLRQ�s <-: m�LV�WKH�VDPH�DV�m�H[FHSW�WKDW�WKH�HOHPHQWV�RI�s�KDYH�EHHQ
UHPRYHG�IURP�LWV�GRPDLQ��DQG�DQ\�XQDWWDFKHG�UDQJH�HOHPHQWV�DUH�UHPRYHG�WRR��

_ <: _ : (set of A) * (map A to B) -> (map A to B)

7KH�H[SUHVVLRQ�s <: m�LV�WKH�VDPH�DV�m�H[FHSW�WKDW�WKH�GRPDLQ�LV�UHVWULFWHG�GRZQ
WR�MXVW�WKH�HOHPHQWV�RI�s��DQG�DQ\�XQDWWDFKHG�UDQJH�HOHPHQWV�DUH�UHPRYHG�WRR��

_ :-> _ : (map A to B) * (set of B) -> (map A to B)

7KH�H[SUHVVLRQ�m :-> s�LV�WKH�VDPH�DV�m�H[FHSW�WKDW�WKH�HOHPHQWV�RI�s�KDYH�EHHQ
UHPRYHG�IURP�LWV�UDQJH��DQG�DQ\�XQDWWDFKHG�GRPDLQ�HOHPHQWV�DUH�UHPRYHG�WRR��

_ :> _ : (map A to B) * (set of B) -> (map A to B)

7KH�H[SUHVVLRQ�m :> s�LV�WKH�VDPH�DV�m�H[FHSW�WKDW�WKH�UDQJH�LV�UHVWULFWHG�GRZQ�WR
MXVW�WKH�HOHPHQWV�RI�s��DQG�DQ\�XQDWWDFKHG�GRPDLQ�HOHPHQWV�DUH�UHPRYHG�WRR��

'HWDLOV�DUH�LQ�WKH�WH[W�
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2SHUDWRUV�RQ�PDSSLQJV

([DPSOH�

'HILQH�D�IXQFWLRQ�UHWXUQLQJ�WKH�DFFRXQWV�PDSSLQJ�IRU�WKRVH�DFFRXQW�KROGHUV
ZKR�DUH�QRW�RYHUGUDZQ�

AccountNumber = seq of char

Balance = int

Accounts = map AccountNumber to Balance

credit-map : Accounts -> Accounts

credit-map (acs) ==
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The tracking manager example

$�PRGHO�RI�DQ�DUFKLWHFWXUH�IRU�WUDFNLQJ�WKH�PRYHPHQW�RI
FRQWDLQHUV�RI�KD]DUGRXV�ZDVWH�DV�WKH\�JR�WKURXJK
UHSURFHVVLQJ�ZDV�GHYHORSHG�E\�D�WHDP�LQ�0DQFKHVWHU
,QIRUPDWLFV�ZLWK�%1)/��(QJLQHHULQJ��LQ������

7KH�SXUSRVH�RI�WKH�PRGHO�ZDV�WR�HVWDEOLVK�WKH�UXOHV
JRYHUQLQJ�WKH�PRYHPHQW�RI�FRQWDLQHUV�RI�ZDVWH�ZKLFK�WKH
WUDFNLQJ�PDQDJHU�ZRXOG�KDYH�WR�HQIRUFH��7KH�PRGHO�ZDV
VDIHW\�UHODWHG��EXW�QRWH�WKDW�WKH�PRGHO�ZDV�EXLOW�VLPSO\�LQ
RUGHU�WR�XQGHUVWDQG�WKH�SUREOHP�EHWWHU��QRW�DV�D�EDVLV�IRU
VRIWZDUH�GHYHORSPHQW��0RGHOV�GRQ¶W�MXVW�KDYH�WR�VHUYH�DV
VSHFLILFDWLRQV�
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The tracking manager                                    Basic data types

$W�WKH�WRS�OHYHO��WKH�WUDFNHU�KROGV�LQIRUPDWLRQ�DERXW�FRQWDLQHUV�DQG�WKH
SKDVHV�RI�WKH�SODQW�

Tracker :: containers : ContainerInfo

           phases     : PhaseInfo

7KH�FRQWDLQHU�DQG�SKDVH�LQIRUPDWLRQ�LV�PRGHOOHG�DV�D�PDSSLQJ�IURP
LGHQWLILHUV�WR�GHWDLOV��WKLV�LV�D�YHU\�FRPPRQ�XVH�RI�PDSSLQJV��ZLWK
LGHQWLILHUV�LQ�WKH�GRPDLQ�DQG�GDWD�W\SHV�GHILQLQJ�GHWDLOV�LQ�WKH�UDQJH�

ContainerInfo = map ContainerId to Container

PhaseInfo = map PhaseId to Phase
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The tracking manager                                           Basic data types

7KH�GHWDLOV�RI�KRZ�LGHQWLILHUV�DUH�UHSUHVHQWHG�DUH�LPPDWHULDO�

ContainerId =

PhaseId =

)RU�HDFK�FRQWDLQHU��ZH�UHFRUG�WKH�ILVVLOH�PDVV�RI�LWV�FRQWHQWV�DQG�WKH
NLQG�RI�PDWHULDO�LW�FRQWDLQV�

Container

Material
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The tracking manager                                          Basic data types

(DFK�SKDVH�KRXVHV�D�QXPEHU�RI�FRQWDLQHUV��H[SHFWV�FHUWDLQ�PDWHULDO
W\SHV�DQG�KDV�D�PD[LPXP�FDSDFLW\�

7U\�PRGHOOLQJ�WKLV�\RXUVHOI�
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The tracking manager                                           Basic data types

,Q�WKH�UHDO�WUDFNLQJ�PDQDJHU�SURMHFW��GRPDLQ�H[SHUWV�IURP�%1)/�ZHUH
FORVHO\�LQYROYHG�ZLWK�WKH�GHYHORSPHQW�RI�WKH�IRUPDO�PRGHO��:H�UHOLHG�RQ
WKH�GRPDLQ�H[SHUWV�WR�SRLQW�RXW�WKH�VDIHW\�SURSHUWLHV�WKDW�KDG�WR�EH
UHVSHFWHG�E\�WKH�WUDFNHU��)RU�H[DPSOH��WKH�QXPEHU�RI�FRQWDLQHUV�LQ�D
SKDVH�VKRXOG�QRW�H[FHHG�WKH�SKDVH¶V�FDSDFLW\�

Phase :: contents : set of ContainerId

         capacity : nat

inv p == card p.contents <= card p.capacity

7KH�GRPDLQ�H[SHUWV�IURP�%1)/�RIWHQ�FRPPHQWHG�WKDW�WKLV�DELOLW\�WR
UHFRUG�FRQVWUDLQWV�IRUPDOO\�DV�LQYDULDQWV�ZDV�H[WUHPHO\�YDOXDEOH�
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The tracking manager                                    The tracker invariant

Tracker :: containers : ContainerInfo

           phases     : PhaseInfo

inv mk_Tracker(containers,phases) ==

 ���DOO�RI�WKH�FRQWDLQHUV�SUHVHQW�LQ�SKDVHV�DUH�NQRZQ�DERXW�LQ�WKH
containers�PDSSLQJ�

����QR�WZR�GLVWLQFW�SKDVHV�PD\�KDYH�DQ\�FRQWDLQHUV�LQ�FRPPRQ�

Tracker :: containers : ContainerInfo

           phases     : PhaseInfo

inv mk_Tracker(containers,phases) ==

Consistent(containers,phases) and

PhasesDistinguished(phases)
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The tracking manager                                      The tracker invariant

Consistent: ContainerInfo * PhaseInfo -> bool

Consistent(containers,phases) ==

 -- all of the containers present in phases are known

 -- about in the containers mapping.

 forall ph in set rng phases &

ph.contents subset dom containers
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The tracking manager                                      The tracker invariant

PhasesDistinguished: PhaseInfo -> bool

PhaseDistinguished(phases) ==

 -- no two distinct phases may have any containers

 -- in common

not exists p1, p2 in set dom phases &

p1 <> p2 and

phases(p1).contents inter phases(p2).contents <> {}
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The tracking manager                                     Tracker functionality

��LQWURGXFH�D�QHZ��FRQWDLQHU�WR�WKH�WUDFNHU��JLYLQJ�LWV�LGHQWLILHU�DQG
FRQWHQWV�

��JLYH�SHUPLVVLRQ�IRU�D�FRQWDLQHU�WR�PRYH�LQWR�D�JLYHQ�SKDVH�

��UHPRYH�D�FRQWDLQHU�IURP�D�SKDVH�

��GHOHWH�D�FRQWDLQHU�IURP�WKH�SODQW�

Introduce: Tracker * ContainerId * real * Material

           -> Tracker

Introduce(trk, cid, quan, mat) ==

mk_Tracker(trk.containers munion

        {cid |-> mk_Container(quan,mat)},

        trk.phases)

pre cid not in set dom trk.containers
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The tracking manager                                     Tracker functionality

Permission: Tracker * ContainerId * PhaseId -> bool

Permission(mk_Tracker(containers,phases),cid,dest) ==

 -- must check that the tracker invariant will be

 -- maintained by the move

cid in set dom containers and

dest in set dom phases and

card phases(dest).contents < phases(dest).capacity
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The tracking manager                                     Tracker functionality

Remove: Tracker * Containerid * PhaseId -> Tracker

Remove(mk_Tracker(containers,phases),cid,pid) ==

 mk_Tracker(containers,

            phases ++ {pid |->

pre pid in set dom phases and

    cid in set phases(pid).contents
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The tracking manager                                     Tracker functionality

:H�FDQ�VLPSOLI\�IXQFWLRQ�GHILQLWLRQV�E\��XVLQJ�D�ORFDO�GHFODUDWLRQ�JLYHQ
LQ�D�let�H[SUHVVLRQ�

Remove: Tracker * Containerid * PhaseId -> Tracker

Remove(mk_Tracker(containers,phases),cid,pid) ==

let pha = mk_Phase(phases(pid).contents \ {cid},

                   phases(pid).capacity)

in

mk_Tracker(containers, phases ++ {pid |-> pha})

pre pid in set dom phases and

    cid in set phases(pid).contents
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The tracking manager                                     Tracker functionality

7R�GHOHWH�D�FRQWDLQHU��WZR�WKLQJV�KDYH�WR�EH�GRQH�

��ZH�KDYH�WR�UHPRYH�WKH�FRQWDLQHU�IURP�WKH�containers�PDSSLQJ��DQG

��ZH�KDYH�WR�UHPRYH�WKH�FRQWDLQHU�IURP�WKH�SKDVH�LQ�ZKLFK�LW�RFFXUV
�MXVW�DV�LQ�WKH�Remove�IXQFWLRQ��

Delete: Tracker * Containerid * PhaseId -> Tracker

Delete(tkr, cid, pid) ==

mk_Tracker({cid} <-: containers,

           Remove(tkr, cid, pid).phases)

pre pre_Remove(tkr, cid, source)
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Review

��0DSSLQJV�UHSUHVHQW�IXQFWLRQDO�UHODWLRQV�EHWZHHQ�WZR�VHWV�RI�YDOXHV��WKH
GRPDLQ�DQG�WKH�UDQJH�

��0DSSLQJ�YDOXHV�FDQ�EH�GHILQHG�E\�HQXPHUDWLRQ�RU�FRPSUHKHQVLRQ�DV�VHWV
RI�PDSOHWV�

��2SHUDWRUV�WR�H[WUDFW�WKH�GRPDLQ�DQG�UDQJH��PDSSLQJ�ORRNXS�DQG�IRU
FRPELQLQJ�PDSSLQJV�E\�XQLRQ�RU�RYHUULGH��6RPH�RSHUDWRUV�DUH�SDUWLDO�


