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Recursion

��6LPSOH�UHFXUVLRQ�WR�WUDYHUVH�OLVWV

��5HFXUVLYH�GDWD�VWUXFWXUHV�DQG�UHFXUVLYH�IXQFWLRQV
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Recursion

$W�WKH�OHYHO�RI�DEVWUDFWLRQ�DW�ZKLFK�PRVW�IRUPDO�PRGHOV�DUH�GHYHORSHG��WKH
LQHIILFLHQF\�RI�D�UHFXUVLYH�LPSOHPHQWDWLRQ�LV�QRW�VXFK�D�PDMRU�LVVXH��$V�D
UHVXOW��UHFXUVLYH�GDWD�W\SHV��DQG�UHFXUVLYH�IXQFWLRQV�WR�WUDYHUVH�WKHP��DUH
FRPSDUDWLYHO\�FRPPRQ�

3HUKDSV�WKH�VLPSOHVW�FDVH�LQ�ZKLFK�UHFXUVLRQ�LV�XVHG�LV�LQ�WUDYHUVLQJ�D
VHTXHQFH�GDWD�VWUXFWXUH��H�J��WR�SHUIRUP�VRPH�RSHUDWLRQ�RQ�DOO�RI�WKH
HOHPHQWV�RI�WKH�VHTXHQFH�

:H�FDQ�DOVR�GHILQH�GDWD�VWUXFWXUHV�UHFXUVLYHO\��H�J��WUHH�VWUXFWXUHV��DQG
DJDLQ�UHFXUVLYH�IXQFWLRQV�DUH�QHHGHG�WR�WUDYHUVH�WKHVH�VWUXFWXUHV�
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Recursion
$V�D�ILUVW�H[DPSOH��FRQVLGHU�WKH�IROORZLQJ�W\SH�GHILQLWLRQV�IURP�WKH�PRGHO�RI
D�V\VWHP�WR�WUDFN�WKH�PRYHPHQW�RI�FRQWDLQHUV�RQ�DLUFUDIW�IRU�DQ�DLU�IUHLJKW
EXVLQHVV�

$�IOLJKW�PD\�EH�PRGHOOHG�DV�D�UHFRUG�ZLWK�DQ�LGHQWLILHU�DQG�D�VHTXHQFH�RI
FRQWDLQHUV�LQ�WKH�IOLJKW��UHSUHVHQWLQJ�WKH�OLQHDU�OD\RXW�RI�FRQWDLQHUV�LQ�WKH
KROG�RI�DQ�DLUFUDIW��

Flight :: fid : FlightId
          cargo : seq of Container

Container :: content_type : <Animal> | <Food> | <Neutral>
             weight : nat

7KHUH�DUH�D�QXPEHU�RI�IXQFWLRQV�ZH�PLJKW�ZLVK�WR�GHILQH�RQ�WKLV�VWUXFWXUH�
6XSSRVH�ZH�DUH�DVNHG�WR�UHFRUG�D�UHVWULFWLRQ�WKDW�WKH�WRWDO�ZHLJKW�RI�WKH
FDUJR�RQ�D�IOLJKW�PXVW�QRW�H[FHHG������XQLWV�

Flight :: fid : FlightId
          cargo : seq of Container
inv mk_Flight(fid,cargo) == TotalWeight(cargo) <= 5000
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Recursion
1RZ�ZH�QHHG�WR�GHILQH�WKH�DX[LOLDU\�IXQFWLRQ�TotalWeight

TotalWeight: (seq of Container) -> nat

TotalWeight(s) ==

1RWH�WKDW�ZH�PXVW�HQVXUH�WKH�UHFXUVLRQ�WHUPLQDWHV��MXVW�DV�\RX�DOZD\V
PDNH�VXUH�WKDW�D�ORRS�WHUPLQDWHV��DQG�VR�ZH�LQFOXGH�D�³EDVH�FDVH´�ZKLFK
GRHV�QRW�OHDG�WR�D�UHFXUVLYH�FDOO�RI�WKH�IXQFWLRQ��7\SLFDOO\�WKH�EDVH�FDVH
UHODWHV�WR�D�EDVLF�HOHPHQW�RI�WKH�GDWD�W\SH��DQ�HPSW\�RU�QLO�YDOXH�
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Recursion
([HUFLVH�

7KH�;25�RSHUDWRU�LV�XVHG�ZLGHO\�LQ�HQFU\SWLRQ��LW�FDOFXODWHV�WKH�H[FOXVLYH�25
RI�WZR�VHTXHQFHV�RI�ELWV��*LYH�D�UHFXUVLYH�GHILQLWLRQ�RI�WKLV�RSHUDWRU�

XOR: (seq of bool) * (seq of bool) -> (seq of bool)

:KDW�GRHV�\RXU�IXQFWLRQ�GR�LI�WKH�WZR�VHTXHQFHV�DUHQ¶W�WKH�VDPH�OHQJWK"
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Recursion
5HFXUVLRQ�LV�DOVR�SRVVLEOH�LQ�W\SH�GHILQLWLRQV��7KLV�LV�SDUWLFXODUO\�FRPPRQ
ZKHUH�WUHH�DQG�JUDSK�VWUXFWXUHV�DUH�WR�EH�PRGHOOHG�

([DPSOH

:H�RIWHQ�KDYH�WR�PRGHO�UHSUHVHQWDWLRQV�RI�PRUH�DEVWUDFW�GDWD�VWUXFWXUHV�
)RU�H[DPSOH��VHWV�DQG�PDSSLQJV�DUH�TXLWH�DEVWUDFW�DQG�PD\�QRW�EH
DYDLODEOH�LQ�DQ�LPSOHPHQWDWLRQ�ODQJXDJH�RU�PD\�EH�LQHIILFLHQW�WR�XVH��7KLV
H[DPSOH�PRGHOV�D�VHW�RI�QDWXUDO�QXPEHUV�DV�D�ELQDU\�WUHH�WR�DOORZ�HIILFLHQW
XSGDWLQJ�DQG�FKHFNLQJ��6XFK�D�ELQDU\�WUHH�

��KDV�WZR��SRVVLEO\�QLO��EUDQFKHV�DQG�D�QXPEHU�DW�HDFK�QRGH��DQG

��LV�DUUDQJHG�VR�WKDW�DOO�WKH�QXPEHUV�LQ�WKH�OHIW�EUDQFK�RI�D�QRGH�DUH
OHVV�WKDQ��DQG�DOO�WKH�QXPEHUV�LQ�WKH�ULJKW�EUDQFK�DUH�JUHDWHU�WKDQ�
WKH�QXPEHU�LQ�WKH�QRGH�

H�J�
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Recursion

7KH�ELQDU\�WUHH�VWUXFWXUH�FDQ�EH�PRGHOOHG�DV�IROORZV�

Setrep = [Node]

Node :: left  : Setrep

        value : nat

        right : Setrep

    inv mk_Node(left,value,right) ==

        forall lv in set gather(left)  & lv < value and

        forall rv in set gather(right) & rv > value

7R�GHILQH�WKH�LQYDULDQW��ZH�XVHG�DQ�DX[LOLDU\�IXQFWLRQ�ZKLFK�UHWXUQV�DOO�WKH
QXPEHUV�VWRUHG�LQ�D�JLYHQ�WUHH��7KH�GHILQLWLRQ�RI�WKLV�IXQFWLRQ�XVHV
UHFXUVLRQ�
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Recursion
7KH�gather�IXQFWLRQ�

gather: Setrep -> set of nat

gather(sr) ==

2EVHUYH�WKDW�WKLV�IXQFWLRQ�JHWV�XV�IURP�WKH�FRQFUHWH�UHSUHVHQWDWLRQ�RI�WKH
VHW�EDFN�WR�LWV�DEVWUDFW�FRXQWHUSDUW��6XFK�IXQFWLRQV�DUH�FDOOHG�UHWULHYH
IXQFWLRQV�DQG�DUH�XVHG�WR�VKRZ�WKDW�D�FRQFUHWH�UHSUHVHQWDWLRQ�LV�IDLWKIXO
WR�LWV�DEVWUDFW�VSHFLILFDWLRQ�
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Recursion
([HUFLVH

'HILQH�D�IXQFWLRQ�add�ZKLFK��JLYHQ�D�QXPEHU�DQG�D�Setrep��DGGV�WKH
QXPEHU�DW�WKH�FRUUHFW�SRLQW�LQ�WKH�Setrep��UHWXUQLQJ�WKH�XSGDWHG�Setrep.
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Review
��5HFXUVLRQ�LV�XVHG�LQ�IXQFWLRQV�WKDW�KDYH�WR�WUDYHUVH�ODUJHU�GDWD�VWUXFWXUHV
VXFK�DV�VHTXHQFHV�

��:KHQ�GHILQLQJ�D�UHFXUVLYH�IXQFWLRQ��UHPHPEHU�WR�HQVXUH�WKDW�WKHUH�LV�D
EDVH�FDVH�WR�JXDUDQWHH�WHUPLQDWLRQ�

��5HFXUVLYH�GDWD�W\SHV�FDQ�DOVR�EH�GHILQHG�WR�PRGHO�VWUXFWXUHV�VXFK�DV�WUHVV
DQG�JUDSKV��7UDYHUVDO�RI�VXFK�GDWD�VWUXFWXUHV�DOVR�LPSOLHV�WKH�XVH�RI�D
UHFXUVLYH�IXQFWLRQ�


