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0RGHOOLQJ�XVLQJ�VHWV

��6HWV�
��7KH�ILQLWH�VHW�W\SH�FRQVWUXFWRU
��9DOXH�GHILQLWLRQV��HQXPHUDWLRQ��VXEUDQJH��FRPSUHKHQVLRQ
��2SHUDWRUV�RQ�VHWV

�&DVH�6WXG\��WKH�H[SORVLYHV�VWRUH

7R�GHILQH�D�W\SH�

��D�W\SH�FRQVWUXFWRU

��ZD\V�RI�ZULWLQJ�GRZQ�YDOXHV

��ZD\V�RI�RSHUDWLQJ�RQ�YDOXHV
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7KH�LGHD�RI�D�VHW����

$Q�XQRUGHUHG�FROOHFWLRQ�RI�YDOXHV�

7KH�RUGHU�GRHVQ¶W�PDWWHU�

1RU�GR�GXSOLFDWHV�
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:RXOG�\RX�UHSUHVHQW�HDFK�RI�WKH�IROORZLQJ�DV�D�VHW"�:K\"

7KH�GHSDUWXUHV�GLVSOD\�ERDUG�DW�DQ�DLUSRUW��VKRZLQJ�RXWJRLQJ
IOLJKWV�LQ�RUGHU�RI�GHSDUWXUH�

$�GDWDEDVH�NHHSLQJ�WUDFN�RI�ZKR�LV�LQ�D�UHVWULFWHG�DUHD�DW�DQ\
JLYHQ�WLPH�
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7KH�VHW�W\SH�FRQVWUXFWRU

7KH�ILQLWH�VHW�W\SH�FRQVWUXFWRU�LV� set of _

:KDW�DUH�WKH�W\SHV�RI�WKH�IROORZLQJ�H[SUHVVLRQV"

{1, -3, 12}

{ {9, 13, 77}, {32, 8}, {}, {77} }
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7KH�VHW�W\SH�FRQVWUXFWRU

7KH�W\SH set of X LV�WKH�FODVV�RI�DOO�SRVVLEOH�ILQLWH�VHWV�RI�YDOXHV
GUDZQ�IURP�WKH�W\SH X. )RU�H[DPSOH�

set of nat1 VHWV�RI�QRQ�]HUR�1DWXUDO�QXPEHUV
set of Student VHWV�RI�VWXGHQW�UHFRUGV
set of (seq of char) VHWV�RI�VHTXHQFHV�RI�FKDUDFWHUV

�H�J��VHWV�RI�QDPHV�
set of (set of int) VHWV�RI�VHWV�RI�LQWHJHUV��H�J�

{ {3,56,2},{-2},{},{-33,5} }
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'HILQLQJ�VHWV����

����(QXPHUDWLRQ�

����6XEUDQJH��LQWHJHUV�RQO\���{integer1,...,integer2}

H�J�  {12,...,20} =

 {12,...,12} =

 {9,...,3} =

����(PSW\�6HW�� {}
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'HILQLQJ�VHWV����

����&RPSUHKHQVLRQ

{ H[SUHVVLRQ | ELQGLQJ & SUHGLFDWH }

7KH�VHW�RI�YDOXHV�RI�WKH�H[SUHVVLRQ�XQGHU�HDFK�DVVLJQPHQW�RI�YDOXHV�WR
ERXQG�YDULDEOHV�VDWLVI\LQJ�WKH�SUHGLFDWH�

&RQVLGHU�DOO�WKH�YDOXHV�WKDW�FDQ�EH�WDNHQ�E\�WKH�YDULDEOHV�LQ�WKH�ELQGLQJ�

5HVWULFW�WKLV�WR�MXVW�WKRVH�FRPELQDWLRQV�RI�YDOXHV�ZKLFK�VDWLVI\�WKH
SUHGLFDWH�

(YDOXDWH�WKH�H[SUHVVLRQ�IRU�HDFK�FRPELQDWLRQ��7KLV�JLYHV�\RX�WKH�YDOXHV�LQ
WKH�VHW�

H�J�� { x**2 | x:nat & x < 5 }
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'HILQLQJ�VHWV����

([DPSOHV�RI�&RPSUHKHQVLRQV�

{x | x:nat & x < 5}

{y | y:nat & y < 0}

{x+y | x,y:nat & x<3 and y<4}
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'HILQLQJ�VHWV�« ��� ���������)LQLWHQHVV

,Q�9'0�6/��VHWV�VKRXOG�EH�ILQLWH��VR�EH�FDUHIXO�ZKHQ�ZULWLQJ
FRPSUHKHQVLRQV�WKDW�\RX�GRQ¶W�GHILQH�D�SUHGLFDWH�WKDW�FRXOG�EH
VDWLVILHG�E\�DQ�LQILQLWH�QXPEHU�RI�YDOXHV�

([DPSOH�



10

2SHUDWRUV�RQ�6HWV

7KHUH�DUH�SOHQW\�RI�EXLOW�LQ�RSHUDWRUV�RQ�VHWV�

(DFK�RQH�KDV�D�VLJQDWXUH�GHILQLQJ�WKH�QXPEHU�DQG�W\SHV�RI
RSHUDQG�H[SHFWHG��H�J��WKH�VHW�XQLRQ�RSHUDWRU�

_ union _ : set of A * set of A -> set of A

1DPH�RI�WKH�RSHUDWRU�
7KH�XQGHUVFRUHV�VKRZ
ZKHUH�WKH�DUJXPHQWV�JR
ZKHQ�WKH�RSHUDWRU�LV
XVHG�

7\SHV�RI�WKH
LQSXWV��LQ�RUGHU�
7KH�´*µ�VHSDUDWHV
HDFK�LQSXW�W\SH�

7KH�W\SH�RI�WKH
UHVXOW�

:KDW�FDQ�\RX�WHOO�DERXW�WKH�XQLRQ�RSHUDWRU�IURP�WKLV�VLJQDWXUH"
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2SHUDWRUV�RQ�6HWV

_ union _ : set of A * set of A -> set of A

$UH�WKH�IROORZLQJ�H[SUHVVLRQV�OHJDO��DFFRUGLQJ�WR�WKH�VLJQDWXUH"

union({4, 7, 9} {23, 6})

3 union {7, 1, 12}

{12,…,15} union {x-y | x,y:nat & x<4 and y<10}

{} union {}

{12} union {x**y | x,y:nat & x<4 and y>2}
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2SHUDWRUV�RQ�6HWV

,Q�RUGHU�WR�XVH�RSHUDWRUV�HIIHFWLYHO\��\RX�KDYH�WR�NQRZ�WKH
QXPEHU�DQG�W\SHV�RI�RSHUDQGV�WKDW�WKH\�H[SHFW��DQG�WKH�W\SHV
RI�YDOXH�WKDW�WKH\�UHWXUQ�DV�D�UHVXOW�

7KLV�LQIRUPDWLRQ�LV�JLYHQ�LQ�WKH�QRWHV�DQG�WKH�WH[W��DQG�\RX
UHDOO\�QHHG�WR�NQRZ�LW�LQ�RUGHU�WR�XVH�WKH�ODQJXDJH�HIIHFWLYHO\�
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2SHUDWRUV�RQ�6HWV

_ union _  : set of A * set of A -> set of A

_ inter _  : set of A * set of A -> set of A

_ \ _      : set of A * set of A -> set of A

dunion     : set of (set of A)   -> set of A

dinter     : set of (set of A)   -> set of A

card       : set of A            -> nat

_ in set _ : A * set of A        -> bool

_ subset _ : set of A * set of A -> bool

1RWH��ZH�GRQ·W�VKRZ�WKH
XQGHUVFRUHV�ZKHQ�WKH�RSHUDWRU�LV
QRUPDOO\�XVHG�LQ�D�SUHIL[�IRUP��H�J�

card {12, 45, 12, 3} = 4
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2SHUDWRUV�RQ�6HWV ���GLVWULEXWHG�RSHUDWRUV

7KH�PRVW�FRPPRQ�RSHUDWRUV�KDYH�VSHFLDO�IRUPV�LQ�ZKLFK�WKH\
DUH�H[WHQGHG�WR�D�ZKROH�VHW�RI�DUJXPHQWV��QRW�MXVW�WZR�

dunion    : set of (set of A)   -> set of A

dinter    : set of (set of A)   -> set of A
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2SHUDWRUV�RQ�6HWV �������VHOHFWLQJ�HOHPHQWV

,Q�VLGH�D�IXQFWLRQ�GHILQLWLRQ��ZH�PD\�QHHG�WR�VHOHFW�DQ�DUELWUDU\
HOHPHQW�IURP�D�VHW��QRW�FDULQJ�KRZ�LW�LV�VHOHFWHG��:H�FDQ�GR�WKLV
E\�XVLQJ�D�ORFDO�GHILQLWLRQ��L�H��LQ�WKH�ERG\�RI�WKH�IXQFWLRQ�VD\

let x in set S in …

�QRZ�x�VWDQGV�IRU�VRPH�DUELWUDU\�PHPEHU�RI�S�

$OWHUQDWLYHO\��ZH�FRXOG�MXVW�GHILQH�D�JHQHUDO�IXQFWLRQ�IRU�VHOHFWLQJ
DQ�HOHPHQW�IURP�D�VHW��6LQFH�ZH�DUH�QRW�LQWHUHVWHG�LQ�WKH�PHDQV
RI�VHOHFWLRQ��ZH�FRXOG�GR�WKLV�E\�DQ�LPSOLFLW�IXQFWLRQ�GHILQLWLRQ�

Select (s:set of X) result:X

pre s <> {}

post result in set s

«�DQG�QRZ�ZH�FDQ�XVH�Select(_) �ZKHQHYHU�ZH�ZDQW�WR�VHOHFW�DQ
HOHPHQW�RI�D�VHW�
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

��7KH�V\VWHP�WR�EH�PRGHOOHG�LV�SDUW�RI�D�FRQWUROOHU�IRU�D
URERW�WKDW�SRVLWLRQV�H[SORVLYHV�VXFK�DV�G\QDPLWH�DQG
GHWRQDWRUV�LQ�D�VWRUH�

��7KH�VWRUH�LV�D�UHFWDQJXODU�EXLOGLQJ��3RVLWLRQV�ZLWKLQ�WKH
EXLOGLQJ�DUH�UHSUHVHQWHG�DV�FRRUGLQDWHV�ZLWK�UHVSHFW�WR�RQH
FRUQHU�GHVLJQDWHG�WKH�RULJLQ��7KH�VWRUH¶V�GLPHQVLRQV�DUH
UHSUHVHQWHG�DV�PD[LPXP�[�DQG�\�FRRUGLQDWHV�

��2EMHFWV�LQ�WKH�VWRUH�DUH�UHFWDQJXODU�SDFNDJHV��DOLJQHG
ZLWK�WKH�ZDOOV�RI�WKH�VWRUH��(DFK�REMHFW�KDV�GLPHQVLRQV�LQ
WKH�[�DQG�\�GLUHFWLRQV��7KH�SRVLWLRQ�RI�DQ�REMHFW�LV
UHSUHVHQWHG�DV�WKH�FRRUGLQDWHV�RI�LWV�ORZHU�OHIW�FRUQHU��$OO
REMHFWV�PXVW�ILW�ZLWKLQ�WKH�VWRUH�DQG�WKHUH�PXVW�EH�QR
RYHUODS�EHWZHHQ�REMHFWV�
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

7KH�SRVLWLRQLQJ�FRQWUROOHU�PXVW�SURYLGH�IXQFWLRQV�WR�

���UHWXUQ�WKH�QXPEHU�RI�REMHFWV�LQ�D�JLYHQ�VWRUH�

���VXJJHVW�D�SRVLWLRQ�ZKHUH�D�JLYHQ�REMHFW�PD\�EH
DFFRPPRGDWHG�LQ�D�JLYHQ�VWRUH�

���XSGDWH�D�VWRUH�UHFRUG�WR�QRWH�WKDW�D�JLYHQ�REMHFW�KDV�EHHQ
SODFHG�LQ�D�JLYHQ�SRVLWLRQ�

���XSGDWH�D�VWRUH�UHFRUG�WR�QRWH�WKDW�DOO�WKH�REMHFWV�DW�D�JLYHQ
VHW�RI�SRVLWLRQV�KDYH�EHHQ�UHPRYHG�

3XUSRVH�RI�WKH�PRGHO��WR�FODULI\�WKH�UXOHV�IRU�WKH�VWRUDJH�RI
H[SORVLYHV�



18

&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

\

[
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

Store  :: contents :
     xbound   :
     ybound   :

Object :: position :
    xlength  :

ylength  :
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

Store  :: contents :
xbound   :
ybound   :

inv mk_Store(contents,xbound,ybound) ==
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

Store  :: contents :
xbound   :
ybound   :

inv mk_Store(contents,xbound,ybound) ==

forall o in set contents & 
InBounds(o,xbound,ybound) and

not exists o1, o2 in set contents &
o1 <> o2 and Overlap(o1,o2)

InBounds: Object * nat * nat -> bool
InBounds(o,xb,yb) ==
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

Store  :: contents :
xbound   :
ybound   :

inv mk_Store(contents,xbound,ybound) ==

forall o in set contents & 
InBounds(o,xbound,ybound) and

not exists o1, o2 in set contents &
o1 <> o2 and Overlap(o1,o2)

Overlap:
Overlap(o1,o2) ==
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

���UHWXUQ�WKH�QXPEHU�RI�REMHFWV�LQ�D�JLYHQ�VWRUH�

NumObjects: Store -> nat

���VXJJHVW�D�SRVLWLRQ�ZKHUH�D�JLYHQ�REMHFW�PD\�EH
DFFRPPRGDWHG�LQ�D�JLYHQ�VWRUH�

SuggestPos: nat * nat * Store -> Store

���XSGDWH�D�VWRUH�UHFRUG�WR�QRWH�WKDW�D�JLYHQ�REMHFW�KDV�EHHQ
SODFHG�LQ�D�JLYHQ�SRVLWLRQ�

Place: Object * Store Point -> Store

���XSGDWH�D�VWRUH�UHFRUG�WR�QRWH�WKDW�DOO�WKH�REMHFWV�DW�D�JLYHQ
VHW�RI�SRVLWLRQV�KDYH�EHHQ�UHPRYHG�

Remove: Store * set of Point -> Store
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

NumObjects: Store -> nat

NumObject(s) ==
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

SuggestPos: nat * nat * Store -> Store

SuggestPos(xlength,ylength,s) == """

7KHUH�PLJKW�EH�DQ\�QXPEHU�RI�YLDEOH�SRVLWLRQV��EXW�WKH
UHTXLUHPHQWV�DUH�QRW�VSHFLILF�DERXW�ZKLFK�RQH�RXJKW�WR�EH
UHWXUQHG���DQ\�SRLQW�ZLWK�VXIILFLHQW�VSDFH�ZLOO�GR�

6LQFH�ZH�GR�QRW�KDYH�WR�JLYH�D�VSHFLILF�SRLQW��WKHUH�LV�QRW�QHHG
WR�JLYH�DQ�DOJRULWKP�IRU�ILQGLQJ�D�VXLWDEOH�SRLQW��ZH�FDQ�XVH�DQ
LPSOLFLW�IXQFWLRQ�GHILQLWLRQ�LQVWHDG�
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

$Q�LPSOLFLW�GHILQLWLRQ�GRHV�QRW�KDYH�D�ERG\��EXW�GRHV�GHVFULEH�WKH
UHVXOW�E\�PHDQV�RI�D�SRVWFRQGLWLRQ�

IXQFWLRQ1DPH��LQSXW�YDUV�	�W\SHV��UHVXOW�	�W\SH

SUH SUHFRQGLWLRQ

SRVW SRVWFRQGLWLRQ

sqrt(x:real) r:real

pre   x >= 0

post  r*r = x
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

SuggestPos: nat * nat * Store -> Store

SuggestPos(xlength,ylength,s) == """

SuggestPos(xlength:nat, ylength:nat, s:Store) p:[Point]

post  -- if there is a point with enough room
      -- then return some point where there is
      --      enough room
      -- else return nil

if exists poss:Point &
                RoomAt(x,length,ylength,s,poss)

then RoomAt(xlength,ylength,s,p)

else p = nil
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

RoomAt: Object * Store * Point -> bool

RoomAt(o,s,p) ==

let new_o = mk_Object(p,o.xlength,o.ylength) in
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

���XSGDWH�D�VWRUH�UHFRUG�WR�QRWH�WKDW�D�JLYHQ�REMHFW�KDV�EHHQ
SODFHG�LQ�D�JLYHQ�SRVLWLRQ�

Place: Object * Store Point -> Store

Place(o,s,p) ==

let new_o = mk_Object(p,o.xlength,o.ylength) in

mk_Store (

   )

pre
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

$Q�H[WHQVLRQ���6XSSRVH�ZH�KDYH�D�VLWH�ZKLFK�FRQVLVWV�RI�D
FROOHFWLRQ�RI�VWRUHV�

Store :: name : token
  ...

Site = set of Store
inv site ==
forall store1, store 2 in set site &
    store1. name = store2.name => store1 = store2

DQG�ZH�QHHG�WR�WDNH�DQ�LQYHQWRU\�RI�WKH�VLWH�

Inventory = set of inventoryItem
InventoryItem :: store : token
                 item  : Object
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&DVH�6WXG\��WKH�H[SORVLYHV�VWRUDJH�H[DPSOH

:H�FRXOG�WDNH�WKH�XQLRQ�RI�WKH�LQGLYLGXDO�LQYHQWRULHV�RI�HDFK
VWRUH�

SiteInventory: Site -> Inventory
SiteInventory(site) ==
dunion{StoreInventory(store) | store in set site}

StoreInventory: Store -> Inventory
StoreInventory(store) ==
{mk_InventoryItem(store.name,o) |

o in set store.contents}
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5HYLHZ

7KH�VHW�FRQVWUXFWRU�

,QGLYLGXDO�VHWV�FDQ�EH�GHILQHG�E\�

��HQXPHUDWLRQ

��VXEUDQJH

��FRPSUHKHQVLRQ

2SHUDWRUV�RQ�VHWV��GHILQHG�ZLWK�VLJQDWXUHV��LQFOXGH�GLVWULEXWHG
YHUVLRQV�RI�XQLRQ�DQG�LQWHUVHFWLRQ�

7KH�H[SORVLYHV�H[DPSOH�

��XVH�LPSOLFLW�VSHFLILFDWLRQ��SRVWFRQGLWLRQ��ZKHQ�WKHUH�LV�QR
QHHG�WR�JLYH�D�SDUWLFXODU�UHVXOW�

��XVH�DX[LOLDU\�IXQFWLRQ�GHILQLWLRQV�WR�EUHDN�GRZQ�DQG
VLPSOLI\�WKH�WDVN�RI�EXLOGLQJ�WKH�PRGHO�


